CHAPTER IX
ANALYTIC FUNCTIONS
In this chapter, we have tried to emphasize the most general facts per-
taining to the theory of analytic functions, and in particular to state as
many results as possible for analytic functions of any number of variables;
until Section 9.13, the theorems which concern only functions of one variable
are inserted in a context in which they appear as technical intermediates
to the general statements; it is only in Sections 9.14 to 9.17, and in many
problems in this chapter and the next one, that we really deal with properties
special to the one variable case. Furthermore, we have discussed simultan-
eously the case of analytic functions of real variables and of analytic functions
of complex variables as long as it can be done (i.e. until Section 9.5). Finally,
we have kept throughout our general principle of dealing from the start
with vector valued functions; as usual, this does not require any change in the
proofs, and the reader will see in Chapter XI how useful the consideration
of such functions can be.
Of course, one can only expect to find here the most elementary part
of the very extensive theory of analytic functions. The definition is given by
the local existence of power series representing the function, and it is by the
technique of power series that the differential properties of analytic functions
are obtained (9.3.5) (the usual definition of analytic functions by the existence
of continuous derivatives only applies, of course, to functions of complex
variables, and therefore that characterization is postponed until Section 9.10).
The fundamental results about power series are Abel's lemma (9.1.2)—from
which is derived the vital possibility of substituting power series into power
series (9.2.2)—and the principle of isolated zeros (9.1.5), whose most import-
ant consequence is the principle of analytic continuation (9.4.2), which
expresses the "solidarity" between the values of an analytic function at
different points of the domain where it is defined.
From that point on, we have to assume that the variables are complex;
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